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Abstract
A novel reduction procedure for covariant classical field theories, reflecting the generalized sym-
plectic reduction theory of Hamiltonian systems, is presented. The departure point of this reduction
procedure consists in the choice of a submanifold of the manifold of solutions of the equations de-
scribing a field theory. Then, the covariance of the geometrical objects involved, will allow to define
equations of motion on a reduced space. The computation of the canonical geometrical structure is
performed neatly by using the geometrical framework provided by the multisymplectic description
of covariant field theories. The procedure is illustrated by reducing the D’Alembert theory on a
five-dimensional Minkowski space-time to a massive Klein-Gordon theory in four dimensions and,
more interestingly, to the Schro¨dinger equation in 3+1 dimensions.
1 Introduction
A novel covariant reduction procedure of classical Hamiltonian field theories based on the geometry
of the space of solutions of the theory is presented. Since the seminal contributions of Peierls [26], de
Witt [19], Crnkovic’-Witten [17, 18] (just to cite a few key contributions on the subject) to the more
recent geometrical rendering by Forger-Romero [21] and the contributions by Asorey et al [2, 3] and
Ciaglia et al [10, 11], it has become evident that the natural geometrical structures carried by the
space of solutions of the Euler-Lagrange equations of the theory provide invaluable information of the
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theory itself both on its quantum aspects (as the classical solutions can be understood as the classical
counterpart of the ground state of the quantum theory) and on its symmetries.
Specifically, it is well-known that the manifold of solutions of the equations describing the dynamics
of some Hamiltonian classical field theory, denoted in what follows by EL and called often “the
covariant phase space” in the previous literature, carries a canonical presymplectic structure Ω (see,
for instance Ref. [21] and, more recently, Ref. [12]). Due to the covariance of the tensorial objects
involved in this physical descriptions (Homiltonian functionals, differential forms), we may define
a generalized reduction procedure which is associated with the choice of submanifolds within EL .
Indeed, the characteristic distribution of the pullback of the canonical presymplectic structure Ω to a
submanifoldW ⊂ EL can be used to define an equivalence relation onW and one can obtain a reduced
dynamics on the quotient space determined by this equivalence relation (for a detailed exposition of
reduction procedures see for instance [6, Chap. 7] and references therein).
The choice of the submanifold depends on the problem we are analyzing: It may be selected, for
instance, either as one of the level sets of constants of the motion or via constraint relations. However,
it is worthful remarking here that this reduction, involving directly submanifolds of the manifold of
solutions EL , has a “global” meaning, in the sense that the chosen submanifold needs not to be again
the manifold of solutions of the equations describing the dynamics of a “reduced” field theory (for
instance we are not ensured that any submanifold of the manifold of solutions of the equations of
motions of a field theory become the manifold of solutions of the equations of motion for a field theory
defined on a lower dimensional spacetime or possessing a reduced space of values). This analysis can
be performed only afterwards and it will depend on the particular physical situation under analysis.
In this letter we will present some examples where the chosen submanifolds of solutions of the
equations of motion of a field theory are symplectic submanifolds that can be themselves considered
as the manifolds of solutions for the equations of motion of a “reduced” field theory. In particular, it
will be shown that starting from the D’Alembert equation on a five-dimensional Minkowski spacetime,
this generalized reduction procedure will lead either to a massive Klein-Gordon equation (KG), or to
the Schro¨dinger equation in a space of dimension one unit less.
This idea has been used, [7] to show how it is possible to obtain nonlinear equations by reducing
linear ones, or to obtain approximating solutions of the initial equations. When the selected sub-
manifold is an invariant submanifold for the original equations of motion, we may perform also the
reduction by restricting directly the equations of motion to the submanifold. This will be the case of
our illustrative examples: Therefore we shall first consider the reduction at the level of evolutionary
equations and later we go to their description in covariant terms. In particular, the covariant de-
scription will be performed according to a multisymplectic approach which is suitable for first-order
Hamiltonian field theories. The geometric features characterizing this formalism, which is based on
the definintion of a covariant phase space equipped with a multisymplectic differential form, indeed,
are well suited to the reduction procedures involving the choice of a submanifold of the manifold EL .
As an intermediate step we consider also the reduction of the dispersion relations associated with the
principal symbol of the differential operator defining the equations of motion of the initial field theory.
This procedure, can be thought of as a reduction of the “Hamiltonian” description of the particles
which are associated to the field.
The idea that the manifolds of solutions of both Klein-Gordon and Schro¨dinger equations can
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be obtained as reduction of a common unfolded space of solutions is motivated by the fact that both
these equations are characterized by their invariance with respect to the Poincare´ and the Galilei group
respectively. Then, a key observation is that these groups are realized as subgroups of the same group
ISO(1, 4), naturally acting on R5. This is the main observation which motivates to seek for a five-
dimensional equation which restricted to appropriate invariant submanifolds of solutions would give
rise to Klein-Gordon or Schro¨dinger equation. The sought for equation turns out to be a D’Alembert
type equation associated with a Laplace-Beltrami operator in a five dimensional Minkowski spacetime.
Then, the solutions to the original Schro¨dinger equation will be obtained as “harmonic functions”
which are also eigenfunctions of the infinitesimal generator of the translations along the additional
direction which must be light-like. To recover the solutions for the Klein-Gordon equations, instead,
we should restrict to harmonic functions which are also eigenfunctions of the generator of translation
along the additional direction which must be space-like.
Before ending this introduction it is worth mentioning that this bundle approach to reduction
could be used also for a non-Abelian extension, for instance to introduce isospin or colored charges.
However, additional remarks on this feature will be presented in the conluding section.
2 Reduction of evolutionary fields equations
Consider a five-dimensional, globally hyperbolic space-time (M, η), with M = R5, and with η the
Lorentzian metric tensor given by
η = ηµνdx
µ ⊗ dxν = dx0 ⊗ dx0 − δjkdxj ⊗ dxk, (1)
where (xµ), µ = 0, 1, . . . , 4, is a global set of Cartesian coordinates on M . By means of η, we can
write the so-called D’Alembert equation
ηµν ∂µ∂ν ϕ = 0 (2)
for a real or complex-valued function ϕ on M. Let us note that the group ISO(1, 4) acts linearly on
M and represents a symmetry group for the D’Alembert equation. This equation is also invariant
under conformal transformations, but these will not concern us here.
If we focus our attention on those functions ϕ of the form
ϕ(x0, x1, x2, x3, x4) = e−mx
4
u(x0, x1, x2, x3) , (3)
we immediately obtain that the D’Alembert equation for ϕ reduces to the Klein-Gordon equation for
the function u given by
∂20u = ∆u+m
2 u . (4)
Let us remark that a subgroup of ISO(1, 4) preserving the set of functions selected in Eq.(3) can be
identified with the Poincare´ group.
Now, we can introduce a new set of coordinates t, s on M, called “advanced” and “retarded
coordinates”, given by
t = x0 − x4 , s = x0 + x4 . (5)
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It is easy to check that in the new coordinates the metric becomes
η =
1
2
dt⊗S ds−
3∑
i,j=1
ηij(x)dx
i ⊗ dxj . (6)
If we focus our attention only on those functions ϕ of the form
ϕ(t, x1, x2, x3, s) = e−ims ψ(x0, x1, x2, x3) , (7)
we immediately obtain that the D’Alembert equation for ϕ reduces to the Schro¨digner equation for ψ
given by
2im∂tψ = −∆ψ . (8)
Analogously to the previous case, we stress that a subgroup of ISO(1, 4) preserving the set of functions
selected in Eq.(7) can be identified with the Galilei group.
In other words, we are observing that the D’Alembert equation in the five-dimensional space-time
(M, η) is a sort of covering PDE for both the Klein-Gordon and the Schro¨dinger equations in four
dimensions. Similar considerations were arrived at by other people, starting, however, from completely
different motivations [4, 20,22,24,25].
Let us now look closer at the geometrical interpretation of the reduction procedure outlined above.
Our departure point is the five-dimensional Lorentzian manifold (M, η). This manifold can be also
read as the five-dimensional Abelian Lie group R5, equipped with a translation invariant metric tensor,
which is also invariant under the pseudo-orthogonal group. Concerning the wayM = R5 acts on itself,
we can consider two different subgroups: one is the subgroup Rsp of translations along one fixed space-
like direction, say e+, and one is the subgroup Rl of translations along a light-like direction, say e0.
What we are going to show is that the space of functions which have been selected in Eq.(3) and
Eq.(7) are related to the reduction of the manifoldM with respect to the action of the two subgroups
Rsp and Rl, respectively.
In the case of the Klein-Gordon reduction we fix the space-like vector field e+ =
∂
∂x4
. It is invariant
under the action of the Abelian groupM = R5 on itself, and it generates an action Rspg : M → M of
a one-dimensional Abelian subgroup Rsp ⊂ R5 =M on M. Setting MKG =M/Rsp = R5/Rsp ∼= R4,
the canonical projection piKG : R5 → MKG defines a principal bundle with structure group Rsp. Since
we are dealing with complex-valued functions on M, we can read the space of maps selected by the
condition in Eq.(3) as the space of equivariant complex-valued functions onM. If Rsp· (·) : Rsp×M →
M denotes the action of Rsp on M generated by e+, then equivariant functions satisfy the condition
ϕ(Rspg (m)) = ρ(g)
−1ϕ(m) (9)
where g ∈ Rsp and ρ : Rsp → C is a representation of the group Rsp on the vector space C. In the
situation described by Eq.(3), the representation ρ is given by ρ(a) = ema with m ∈ R.
The space of equivariant complex-valued functions on M is a module ΓKG(M) over the ring
C∞sp (M) of smooth real valued functions which are invariant with respect to the action Rspg of the
group Rsp onM. This module is isomorphic to the module of sections of the associated vector bundle
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F =
[M×Rsp C] ∼= MKG × C, where Rsp acts on C via ρ. Therefore, by imposing the condition in
Eq.(3), we are reducing the initial D’Alembert operator on M to an operator acting on the sections
of the associated vector bundle F with base MKG.
An analogous procedure can be performed to obtain the Schro¨dinger equation. However, in this
case we prefer to perform a slightly different reduction procedure in order to preserve the square-
integrability of the solutions on the reduced configuration space, which is related to the physical
interpretation of the solutions. Specifically, we will proceed in such a way to obtain a reduced config-
uration space, which is the analogue of the bundle piKG : M → MKG, having compact fibers.
The departure point is again the Lorentzian manifold (M, η). As before, we consider this manifold
as the Abelian Lie groupM = R5, and we choose a light-like left invariant vector field e0 = ∂∂x0 + ∂∂x4 .
This vector field is the generator of an action of the subgroup Rl on M. Let us consider the discrete
subgroup Zl ⊂ Rl of translation of a given quantity 2pi. The first step of the procedure consists in
going from the manifold M to the manifold M˜ := M/Zl ∼= U(1) × R4. Since the metric tensor is
invariant with respect to Zl, there exist a metric tensor η˜ on the quotient manifold M˜ such that
η = p˜i∗(η˜). Here p˜i : M → M˜ denotes the projection from M to the quotient manifold M˜. The
space of functions C∞(M˜) can be identified with the subspace C∞p (M) of functions on M which
are invariant with respect to Zl, i.e., they are periodic of period 2pi along the integral curves of the
vector field e0. Since the derivative of a periodic function is a periodic function, the vector field e0
is projectable and there is a vector field e˜0 on M˜ which is p˜i-related to e0. This vector field is the
generator of an action, say Rlg : M˜ → M˜, of the group U(1) on M˜. Now, we can complete the
reduction procedure defining the reduced configuration space MS := M˜/U(1) and the projection
piS : M˜ → MS . As mentioned before, this projection defines a bundle structure with base manifold
MS ∼= R4 and compact fibers diffeomorphic to the Lie group U(1). The complex-valued functions
which satisfy the condition in Eq.(7) are invariant under the action of the group Zl, and we can think
of them as the pullback to M of functions on M˜. Furthermore, they are equivariant with respect to
the action Rl·(·) : U(1) × M˜ → M˜ of the group U(1) generated by the vector field e0. In this case,
the representation ρ : U(1) → C of the group U(1) is given by ρ(s0) = eims. These functions form
a module ΓS(M˜) with respect to the ring C∞l (M˜) of functions which are invariant with respect to
the action Rlg. This module is isomorphic to the module of sections of the associated vector bundle
F = [M˜×U(1) C] ∼=MS ×C and the D’Alembert operator on M˜ reduces to the Schro¨dinger operator
when acting on the module ΓS(M˜).
3 Principal symbol and particle dynamics
The principal symbol associated with the differential operator defining the D’Alembert equation coin-
cides with the contravariant counterpart of the metric tensor η. Accordingly, we may look at σDA as
defining a function on T ∗M when contracted with the tautological 1-form θ0 of T ∗M twice. Specifi-
cally, we obtain
σDA = η(θ0, θ0) = η
µνpµpν = 2ptps − δjkpjpk . (10)
Setting σDA = 0, we obtain a sort of “mass-shell” in 5 dimensions. Without the origin, we call this
submanifold ΣDA. Now, both the vector field e+ and e0 may be used to perform a reduction on ΣDA
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that will lead to the relativistic mass-shell in the former case, and to the non-relativistic mass-shell in
the second case.
Specifically, let us start from the cotangent bundle T ∗M of the configuration space M. It is a
symplectic manifold equipped with the canonical symplectic form ω = dθ0. Let us consider the action
on M generated by the vector field e+. The cotangent lift e↑+ of the vector field e+ generates a flow
on T ∗M which preserves both ω and θ0. There is a momentum map J+ : T ∗M → R associated with
this action given by
J+ = ie↑+
θ = p4 . (11)
Choosing the regular value m for this function, by the Marsden-Weinstein reduction theorem [1], the
inverse image J−1+ (m) is a submanifold of T ∗M and the vector field e↑+ is still tangent to it. Let
Σ+ ⊂ T ∗M be the submanifold of M defined by the conditions
J+ = m, σDA = 0 . (12)
Since e↑+ is tangent to Σ+, we can build the reduced mass-shell Σm = Σ+/Rsp. It is straightforward
to see that this space is diffeomorphic to the mass-shell of a relativistic particle in T ∗MKG, since
Eqs.(12) can be rewritten as
p20 −
3∑
j=1
p2j = m
2 . (13)
Similarly, the cotangent lift e↑0 of the vector field e0 acts on T
∗M preserving ω. Let us now intro-
duce the retarded and advanced coordinates onM and let {ps = 12 (p0 + p4) , pt = 12 (p0 − p4) , p1, p2, p3}
be the associated cotangent bundle coordinates. In this case, the momentum map associated with the
action generated by e↑0 is given by the function J0 : T
∗M → R
J0 = ps (14)
As before, we can select the submanifold Σ0 ⊂ T ∗M which is defined by the following conditions
J0 = m σDA = 2pspt −
3∑
j=1
p2j = 0 . (15)
Then, the vector field e↑0 is tangent to Σ0 and we obtain the reduced mass-shell ΣE . However,
differently from the previous case, the manifold ΣE is diffeomorphic to the submanifold of T
∗MS
defined by the non-relativistic “mass-shell” relation, since the two relations in Eq.(15) can be rewritten
as
2mpt −
3∑
j=1
p2j = 0 . (16)
It is immediate to check that pt defines the kinetic energy of a particle in a three-dimensional Euclidean
space.
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4 Reduction in the variational formulation
All the differential equations we have considered so far admit of a variational formulation in terms of
an action principle. The variational formulation is very convenient because it allows for the definition
of Poisson Brackets (Peierls Brackets) [2, 3, 10, 11] and is a preliminary step for quantization. Using
the variational formulation, we shall now provide a description of the reduction mechanism for the
Schro¨dinger and (complex) Klein-Gordon equations in terms of the multisymplectic formulation of the
Schwinger-Weiss action principle.
Let us start with the five-dimensional, globally hyperbolic space-time (M, η) introduced in section
2. Let pi0 : E → M be a Hermitean vector bundle over M, with pi0 the standard projection on the
second factor. The standard fibre V of the bundle will be a finite-dimensional complex linear space
that, for the purposes of this contribution will be just one-dimensional. Since M is contractible, the
bundle is trivalizable, that is, we have E ∼= C×M. If (xµ) is a (global) set of Cartesian coordinates
onM, then (xµ, u, u¯), u ∈ C, will define natural adapted coordinates for the bundle E. The fields are
sections φ of the bundle pi0 : E →M, and since E is trivializable, the sections can be identified with
functions φ : M→ C.
The covariant phase space P is a fibre bundle over both E and the spacetimeM [5,23]. Technically
speaking, P is the (affine) dual bundle of the vertical bundle V (E) ⊂ TE, and, since the bundle E
describing the theory is trivializable, P is diffeomorphic to TCM× C. Adapted coordinates for the
covariant phase space are given by (xµ, u, u¯; ρµ, ρ¯µ), and the projection piE : P → E is given by
piE(ρ
µ, ρ¯µ, u, u¯, xµ) = (u, u¯, xµ), while the projection pi : P → M is given by pi(ρµ, ρ¯µ, u, u¯, xµ) = (xµ).
Let FP denote the space of sections χ : M → P of the projection pi, such that the compostion
piE ◦ χ = φ is a section of pi0. We write χ as (φ, P ) and
χ(xµ) = (xµ, φ(xµ), φ¯(xµ), P ν(xµ), P¯ ν(xµ)) , µ, ν = 0, 1, . . . ,m . (17)
Elements χ = (φ, P ) in FP will be the fields of the theory. The analytical background of the theory
can be established by assuming specific regularity conditions for the fields χ [11].
A variation δχ for χ ∈ FP is a tangent vector to FP at χ, which may be identified with a vector
field Uχ along χ on P, i.e., Uχ(χ(x)) = dds |s=0 χs(x), where χs : M → P, − < s < , is a smooth
curve of fields such that χ0 = χ. Clearly, Uχ is vertical with respect to the fibration pi : P →M. Thus,
the tangent space TχFP is given by all such δχ = Uχ. In the following, it will be useful to extend Uχ
to a vertical vector field U˜ in a neighbourhood of the image of χ inside P that will be given by (note
that in spite of E being a complex line bundle, the covariant phase space P is a real manifold and,
consequently, vector fields on it must be real)
U˜ = U¯φ
∂
∂u
+ Uφ
∂
∂u¯
+ U¯µP
∂
∂ρµ
+ UµP
∂
∂ρ¯µ
. (18)
The dynamics of the theory will be described by using the Schwinger-Weiss action principle [10,11].
Given a Hamiltonian function H : P → R and volume form volM = d5x = dx0 ∧ dx1 ∧ · · · ∧ dx4, on
the base manifold M, we consider the m+ 1-form1 θH on P given by
θH = (ρ¯
µdu+ ρµdu¯) ∧ i ∂
∂xµ
volM −HvolM . (19)
1It is possible to define this form in an intrinsic way, see for instance [23].
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The Hamiltonian function will have the form
H = ηµν ρ¯
µρν . (20)
The action functional S : FP → R, of the theory can be written as
S[χ] =
∫
M
χ∗ (θH) =
∫
M
(
P¯µ∂µφ+ P
µ∂µφ¯−H
)
volM . (21)
Following what is done in Ref. [10], given Uχ ∈ TχFP , the variation dS[χ](Uχ) of S is
dS[χ](Uχ) = ELχ(Uχ) +
∫
∂M
χ∗∂M
(
iU˜θH
)
, (22)
where U˜ is any extension of Uχ, and
ELχ(Uχ) :=
∫
M
χ∗
(
iU˜dθH
)
. (23)
The Schwinger-Weiss action principle states that the variations of the action depend solely on the
variations of the fields at the boundary, hence, being ∂M = ∅, the actual dynamical configurations of
the fields of the theory must satisfy the Euler-Lagrange equations
∂φ
∂xµ
=
∂H
∂P¯µ
,
∂φ¯
∂xµ
=
∂H
∂Pµ
,
∂Pµ
∂xµ
= −∂H
∂φ¯
,
∂P¯µ
∂xµ
= −∂H
∂φ
,
which can be geometrically interpreted as the zeroes of a 1-form EL on the space of fields FP given
by
ELχ(Uχ) :=
∫
M
χ∗
(
iU˜dθH
)
= 0 , ∀Uχ ∈ TχFP . (24)
We note that such a geometrical reformulation of the Schwinger-Weiss variational principle should be
used to introduce a Quantum Action Principle in the groupoid reformulation of Schwinger’s algebra
of selective measurements which has been recently proposed by some of the authors (see [8, 9, 13–16]
for more details).
We will denote by ELM ⊂ FP the space of solutions of Euler-Lagrange equations
ELM := {χ ∈ FP : ELχ(Uχ) = 0 , ∀Uχ ∈ TχFP} . (25)
From (20), we obtain the Euler-Lagrange equations (also known as the de Donder-Weyl equations)
∂φ
∂xµ
= ηµνP
ν ,
∂Pµ
∂xµ
= 0 , (26)
and their complex conjugate.
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4.1 Klein-Gordon equation
The reduction procedure will consist of selecting a subspace of the space of field FP . Analogously to
what is done in section (2), we select the space-like vector field ∂
∂x4
, and we first consider the subspace
of sections of E the elements of which can be written as
φ(x0, x1, x2, x3, x4) = e−mx
4
ψ(x0, x1, x2, x3)
φ(x0, x1, x2, x3, x4) = e−mx
4
ψ(x0, x1, x2, x3) ,
(27)
with m > 0 a constant. The form of the fields φ determined by Eq. (27) affects the form of the
associated momenta fields. Recalling that the coordinates ρµ are dual to the coordinates of 1-jets
j1xφ = (x, φ(x), ∂µφ), being ∂0φ = e
−mx4∂0ψ, ∂kφ = e−mx
4
∂kψ, and ∂4φ = −me−mx4ψ, we get that
P 0(x0, xk, x4) = e−mx
4
pi0(x0, xk)
P k(x0, xk, x4) = e−mx
4
pik(x0, xk)
P 4(x0, xk, x4) = −me−mx4λ(x0, xk) ,
(28)
and their complex conjugate. The space of all such fields is denoted by FKG, and, for the sake
of notational simplicity, a generic element in FKG is denoted by χ = (ψ, pi0, pik, λ) omitting the
dependence on x4 and on the complex conjugate fields. Then, the restriction of the action S to the
space of fields FKG becomes
S(ψ, pi0, pik, λ) =
∫
M
e−2mx
4 (
p¯i0∂0ψ + pi
0∂0ψ¯ +m
2λ¯ψ +m2λψ¯
+ p¯ik∂kψ + pi
k∂kψ¯ − p¯i0pi0 + δij p¯iipij +m2|λ|2
)
volM .
The convergence of the previous integral may be handled by specifying a suitable regularity conditions
for the fields, or by a careful “renormalized” definition of the action. As before, the dynamics may be
described in terms of the Schwinger-Weiss action principle for sections χ = (ψ, pi0, pik, λ). The result
is the following system of de Donder-Weyl equations
λ+ ψ = 0 , λ¯+ ψ¯ = 0,
∂0ψ − pi0 = 0 , ∂0ψ¯ − p¯i0 = 0,
∂kψ + δijpi
i = 0 , ∂kψ¯ + δij p¯i
i = 0,
∂0p¯i0 −m2λ¯+ ∂kp¯ik = 0 , ∂0pi0 −m2λ+ ∂kpik = 0 .
(29)
A direct computation shows that the previous system of equations reduces to the (complex) Klein-
Gordon equation for ψ and its complex conjugate given by
∂20ψ − ∆ψ +m2ψ = 0 , ∂20 ψ¯ −∆ψ +m2ψ¯ = 0 . (30)
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4.2 Schro¨dinger equation
In this subsection, it will be shown that the Schro¨dinger equation (SE) can be obtained in a rather
natural way as a reduction of the complex D’Alembert field introduced above. In this sense, it will be
shown that the SE can be interpreted not as a non-relativistic limit, but rather as a genuine reduction
of the D’Alembert fields in a larger dimensional space-time. The presentation will be necessarily
sketchy and further details and implications of the presented results will be discussed elsewhere.
As done in section 2, in the globally hyperbolic spacetime (M, η), we consider the “advanced” and
“retarded coordinates” t, s give in Eq.(5), and the resulting expression of η given in Eq.(6). We now
consider the multisyplectic formulation of D’Alembert theory onM given above in the new coordinates
t, s, xk. The Hamiltonian H given by Eq. (20) becomes
H = ρ¯tρs + ρtρ¯s − ηij ρ¯iρj . (31)
The corresponding action of the theory on the space of fields FP will have the expression:
S(χ) =
∫
M
P¯ t∂tφ+ P
t∂tφ¯+ P¯
s∂sφ+ P
s∂sφ¯− (P¯ tP s + P tP¯ s) + ηijP¯ iP j , (32)
where P t, P s represent the components of the momenta fields of the theory in the directions of t and
s respectively.
The reduction procedure will consist of selecting a subspace of the space of field FP . Analogously
to what is done in section (2), we select the light-like vector field ∂∂s , and we first consider the subspace
of sections of E the elements of which can be written as
φ(t, s, x1, x2, x3) = eims ψ(t, x1, x2, x3)
φ(t, s, x1, x2, x3) = e−ims ψ(t, x1, x2, x3) ,
(33)
with m > 0 a constant. The form of the fields φ determined by Eq. (33) affects the form of the
associated momenta fields. Recalling that the coordinates ρµ are dual to the coordinates of 1-jets
j1xφ = (x, φ(x), ∂µφ), being ∂tφ = e
ism∂tψ, ∂kφ = e
ism∂kψ, and ∂sφ = ime
ismψ, we get that
P t(t, s, xk) = eismpit(t, xk)
P k(t, s, xk) = eismpik(t, xk)
P s(t, s, xk) = imeismλ(t, xk) ,
(34)
and their complex conjugate. The space of all such fields is denoted by FSE , and, for the sake of
notational simplicity, a generic element in FSE is denoted by χ = (ψ, pit, pik, λ) omitting the dependence
on s and on the complex conjugate fields.
Then, the restriction of the action S to the space of fields FSE becomes
S(ψ, pit, pik, λ) =
∫
M
(
p¯it∂tψ + pi
t∂tψ¯ − imλ¯(imψ + pit) + imλ(−imψ¯ + p¯it)
+ p¯ik∂kψ + pi
k∂kψ¯ + δij p¯i
ipij
)
volM .
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Analogously to the Klein-Gordon case, the convergence of the previous integral may be handled by
specifying a suitable regularity conditions for the fields, or by a careful “renormalized” definition of
the action. As before, the dynamics may be described in terms of the Schwinger-Weiss action principle
for sections χ = (ψ, pit, pik, λ). The result is the following system of de Donder-Weyl equations
pit + imψ = 0 , p¯it − imψ¯ = 0,
∂tψ + imλ = 0 , ∂tψ¯ − imλ¯ = 0,
∂kψ + δijpi
i = 0 , ∂kψ¯ + δij p¯i
i = 0,
∂tp¯it −m2λ¯+ ∂kp¯ik = 0 , ∂tpit −m2λ+ ∂kpik = 0 .
(35)
A direct computation shows that the previous system of equations reduces to the Schro¨dinger equation
for ψ and its complex conjugate given by
2im∂tψ = −∆ψ , 2im∂tψ¯ = ∆ψ¯ . (36)
5 Conclusions
We presented different instances of reduction procedures providing the Schro¨dinger and Klein-Gordon
equations. Specifically, we presented a reduction procedure at the level of equations of motion in section
2, and a reduction procedure at the level of the variational description encoded in the Schwinger-Weiss
action principle in the multisymplectic formalism in section 4. In all these cases, the reduction starts
from the D’Alembert equation on a five-dimensional flat Lorentzian spacetime, and arrives at the
Schro¨dinger equation by means of a suitable reduction associated with a light-like vector field, and at
the Klein-Gordon equation by means of a suitable reduction associated with a space-like vector field.
Motivated by these instances, it is reasonable to try to understand if this reduction picture may
be extended to a more general setting. Indeed, we will now argue that a similar procedure is indeed
possible for the Dirac equation, at least at the level of the reduction of the equations of motion
as presented in section 2. However, we will have to slighly change our approach and consider an
unfolding space which has double the dimensions of the spacetime on which the Dirac equation is
defined. Specifically, there is a reduction procedure that takes us from the (complex) “Klein-Gordon”
equation on a suitable 8-dimensional spacetime to the Dirac equation on Minkowski spacetime. At
this purpose, let us consider the standard Minkowski spacetime (M1,3, η), where M1,3 = R4, and η is
the metric tensor given by η = −dy0 ⊗ dy0 + δjkdyj ⊗ dyk, with respect to the global set of Cartesian
coordinates (yµ), µ = 0, 1, 2, 3. Then, consider the “anti-Minkowski spacetime” (M1,3, η), where
M1,3 = R4, and η is the metric tensor given by η = dy0⊗dy0−δjkdyj⊗dyk, with respect to the global
set of Cartesian coordinates (yµ), µ = 0, 1, 2, 3. Now, we form the 8-dimensional “spacetime” (M, g),
whereM = M1,3×M1,3, and g = η⊕η, that is, g = dy0⊗dy0−δjkdyj⊗dyk−dy0⊗dy0+δjkdyj⊗dyk.
Let us introduce the “advandeced” and “retarded” coordinates
x0 = y0 − y0, x1 = y1 − y1, x2 = y2 − y2, x3 = y3 − y3,
s = y0 + y0, ξ1 = y1 + y1, ξ2 = y2 + y2, ξ3 = y3 + y3.
(37)
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With respect to these coordinates, the metric tensor g reads
g = −dx0 ⊗S ds+ dx1 ⊗S dξ1 + dx2 ⊗S dξ2 + dx3 ⊗S dξ3 . (38)
Now, we consider the complex Klein-Gordon equation for a C4-valued function Φ as determined by
the metric tensor g. Specifically, we consider the equation(
− ∂
∂x0
∂
∂s
+
∂
∂x1
∂
∂ξ1
+
∂
∂x2
∂
∂ξ2
+
∂
∂x3
∂
∂ξ3
)
Φ +m2Φ = 0. (39)
Then, in analogy with what we did in section 2, we focus on the subspace of functions Φ given by
Φ(x0, x1, x2, x3, s, ξ1, ξ2, ξ3) = eim(sγ0−ξ
1γ1−ξ2γ2−ξ3γ3) ·Ψ(x0, x1, x2, x3), (40)
where Ψ is a C4-valued function, and the γ’s are the (4× 4) Dirac matrices characterized by
γµγν + γνγµ = ηµν . (41)
At this point, we can substitute Eq.(40) into Eq.(39), and a direct computation leads to
eim(sγ0−ξ
1γ1−ξ2γ2−ξ3γ3) · [−i(γ0∂0 − γ1∂1 − γ2∂2 − γ3∂3)Ψ +mΨ] = 0 , (42)
which is clearly equivalent to the Dirac equation for Ψ(
i/∂ −m)Ψ = 0 . (43)
Of course, a more detailed analysis of this reduction is needed, for instance to understand the geomet-
rical aspects behind the “doubling” of the spacetime dimensions, to understand a possible reduction at
the level of principal symbols (and associated “particles”) along the lines of what is done in section 3,
and to undestand a possible variational formulation in the multisymplectic framework along the lines
of what is done in section 4. A procedure similar to the one giving rise to Schro¨dinger equation should
provide us with the Pauli equation for spinning particles. The intrinsic formulation of the problem
should allow more easily a generalization to non-flat spacetime. We postpone this analysis to a future
publication.
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